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ON THE CONGRUENCE KERNEL FOR SIMPLE ALGEBRAIC GROUPS 


GOPAL PRASAD AND ANDREI S. RAPINCHUK 


Abstract. This paper contains several results about the structure of the congruence kernel 
(G) of an absolutely almost simple simply connected algebraic group G over a global field 
K with respect to a set of places S of K. In particular, we show that C^^'^{G) is always trivial 
if S contains a generalized arithmetic progression. We also give a criterion for the centrality 
of G^^'^ (G) in the general situation in terms of the existence of commuting lifts of the groups 
G{Ky) ioT V ^ S in the ^-arithmetic completion . This result enables one to give simple 
proofs of the centrality in a number of cases. Finally, we show that if AT is a number field and 
G is AT-isotropic then G*'‘^^(G) as a normal subgroup of G^'®^ is almost generated by a single 
element. 


To V.P. Platonov on his 75th birthday 
1. Introduction 

Let G be an absolutely almost simple simply connected algebraic group defined over a global 
field A, and let S' be a nonempty subset of the set of all places of K containing the set 
of archimedean places. We fix a A-embedding G SL„ and define 

G(U(5)) = G(A) n SL„(U(5)), 

where 0{S) is the ring of S'-integers in A. One then introduces two topologies, and Tc, on 
the group of A-rational points G(A), called the S-arithemetic topology and the S-congruence 
topology, respectively, by taking for a fundamental system of neighborhoods of the identity 
all normal subgroups of finite index N c G{0{S)) for Rj, and the congruence subgroups 
G{0{S), a) = G{K) n SL„(C>(S'), a) corresponding to nonzero ideals a of C>(S')Q for One 
shows that these topologies in fact do not depend on the choice of the original A-embedding 
of G into SL„, and furthermore, the group G{K) admits completions with respect to both 

Ta and Tc- These completions will be denoted G^^^ and G^ , and called respectively the S- 
arithmetic and the S'-congruence completions. As the topology Tq is finer than Tc, there is a 
natural continuous homomorphism tt^) ; G^O ^ which turns out to be surjective. Its 

kernel C^^^G) is called the S-congruence kernel. Clearly, C^^\G) is trivial if and only if every 
normal subgroup N c G{0{S)) contains a congruence subgroup G{0{S), o) for some a, which 
means that we have an affirmative answer to the classical congruence subgroup problem for 
the group G(0(S)). In general, C'^^G) measures the deviation from the affirmative answer, 
so by the congruence subgroup problem in a broader sense one means the task of computing 
GG)(G). (In the sequel, we will omit the superscript (S) if this may not lead to a confusion.) 

The investigation of the congruence subgroup problem has two aspects: the first is to prove 
that in certain cases C^^^(G) is finite and then determine it precisely, and the other is to 
understand the structure of C^^^(G) in the cases where it is infinite. We recall that the expected 
conditions for G^^^(G) to be finite/infinite are given in the following conjecture of Serre [58] : 

GG)(G) should be finite if rks G := G is ^ 2 and G is Ky-isotropic 

for all V e S\Vfi^, and C^^\G) should be infinite if rks G = 1. 

As usual, SL„(G(5), a) = {A g | A = A(mod o)}. 
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(In the sequel, we will always assume that rk^ G > 0 as otherwise the group G(0(S)) is finite, 
hence is trivial.) The results of the current paper contribute to both aspects of the 

congruence subgroup problem. (We refer the reader to the surveys |39] and |13] and references 
therein for information about the very impressive body of work in this area.) 

To give the precise formulations, we need to recall the statement of the Margulis-Platonov 
conjecture (MP) for the group G{K): 

Let A = {v e V^\V^ \ G = 0} be the set of nonarchimedean places of K where 
G is anisotropic, let G^ = ^(■^) ^ Ihe diagonal 

map. Then for any noncentral normal subgroup N ofG{K), there is an open normal 
subgroup U of G_a, such that N = in particular, if A = 0 (which is always 

the case if G is not of type An) then G{K) does not contain any proper noncentral 
normal subgroups. 

We note that (MP) has been established in all cases where G is iP-isotropic (see [U]) and also in 
many cases where G is X-anisotropic (see [30l Ch. IX] and |5H Appendix A]). Throughout this 
paper, we reserve the notation A = A{G) for the set of anisotropic nonarchimedean places of G 
and assume that (MP) holds for G{K) and that An S = 0. (As shown in [iQl §6], the general 
case can be reduced to the case where Ar\ S = 0, but if the latter fails then G^'^^(G) is always 
infinite.) It is known that G^'^^(G) is finite if and only if it is central (i.e., is contained in the 
center of G*''^^ ), in which case it is isomorphic to the Pontrjagin dual of the metaplectic kernel 
M{S,G) (cf. [321 §3]). Since the metaplectic kernel has completely been determined in [SB] in 
all cases relevant for the congruence subgroup problem (for example, we know that M(S', G) 
is trivial if S is infinite), the first of the two aspects of the congruence subgroup problem we 
mentioned above reduces to proving that G^'^^(G) is central in the expected cases. Our first 
basic result (Theorem 4.3) is the following. This result was proved in [331 §9] in the case where 
AT is a number field. 

Theorem. Let G be an absolutely almost simple simply connected algebraic group over a global 
field K, and assume that (MP) holds for G{K). Then for any finite set V of nonarchimedean 
places of K that contains the set A of anisotropic places and S = V^\V, the congruence kernel 
G(^)(G) is central and hence trivial. 

This result will be used to prove the following theorem which provides a new, and particularly 
effective, criterion for the centrality of G^'^^(G). We observe that since rk 5 G > 0, it follows 
from the strong approximation property (cf. [ 23 ], [231, [33] ; see also [52] for a recent survey) 

that the congruence completion G can be naturally identified with the group of S'-adeles 
G{A{S)), which enables us to view the group G{K.f) for any v e V^\S as a subgroup of G^ . 
As above, we let tt: G ^ G denote the natural continuous homomorphism (we suppress the 
superscript (5”)). 

Theorem A. Let G be an absolutely almost simple simply connected algebraic group over 
a global field K, and let S be any subset ofV^\A containing . Assume that for every v f S, 
there is a subgroup of G so that the following conditions are satisfied: 

(i) 7r(^^^) = G{Ky) for all v f S; 

(a) and commute elementwise for all Vi,V 2 f S, Vi A V 2 ] 

{Hi) the subgroup generated by the '^y, for v f S, is dense in G. 

Then C^^\G) is central in G. 

(We note that this theorem was already stated in [5U1 Theorem 7] and that Proposition 14.51 
contains a somewhat more general result which is sometimes useful.) We will show in Igjhow 
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Theorem A can be used to establish the centrality of the congruence kernel for G = SL„, n ^ 3 
and G = SL 2 when rk 5 G ^ 2 (i.e., when the group of units 0{S)^ is infinite) - see Examples 
4.6 and 4.7. 

To formulate our next result, we need to recall the definition of a generalized arithmetic 
progression. For a global field K, we let denote the set of all nonarchimedean places of K 
(i.e. = V^\y^). Now, let F/K be a Galois extension (not necessarily abelian) with Galois 

group ^ = GaX{F/K). Given v e which is unramified in F, for every extension w\v one 
defines the Frobenius automorphism Ftp/k{'w\v) e recall that Ftp/k{w\v) for all extensions 
w\v £11 a conjugacy class of ^ (cf. [21 Gh. VII]). Now, fix a conjugacy class ^ of 

Definition. A generalized arithmetic progression ^{FjK.,'^) is the set of all v e such 
that V is unramified in F/K and for some (eguivalently, any) extension w\v, the Frobenius 
automorphism Fipik{u]\v) is in the conjugacy class 

We can now formulate our next result. 

Theorem B. Let G be an absolutely almost simple simply connected algebraic group over 
a global field K, and let L be the minimal Galois extension of K over which G becomes an 
inner form of the split group. Assume that a subset S c is disjoint from A, contains 
and also contains all but finitely many places belonging to a generalized arithmetic progression 
i^{FlK,^) such that cr^F r\ L) = id^nL for some (eguivalently, any) a e ^ (which is auto¬ 
matically true if G is an inner form of the split group over K). Then C^^\G) is central, and 
hence in fact trivial. 

In l|6]we will give a new proof of Lubotzky’s conjecture on the congruence subgroup property 
for arithmetic groups with adelic profinite completion. A profinite group A is called adelic if for 
some n ^ 1, there exists a continuous embedding l: A GL„(Z), where Z = Zg. It was 

q prime 

conjectured by A. Lubotzky that if for T = G{0{S)) the profinite completion T is adelic then T 
has the congruence subgroup property (GSP), i.e. the congruence kernel C^^\G) is finite. This 
was proved by Platonov and Sury in [32] using some rather technical constructions developed 
earlier in [3l| to establish (GSP) for arithmetic groups with bounded generation. Subsequently, 
Liebeck and Pyber [T2| showed that any finitely generated subgroup of GL„(Z) has bounded 
generation, which allows one to prove Lubotzky’s conjecture by directly quoting the results 
of [ 22 ] and [ 21 ] on (GSP) for arithmetic groups with bounded generation. We note that it is 
essential in both [19] and [32] that P be finitely generated (i.e., S be finite). We give a rather 
short proof of Lubotzky’s conjecture that does not rely on finite generation (hence is applicable 
even when S is infinite). 

Theorem C. Let G be an absolutely almost simple simply connected algebraic group defined 
over a number field K, S a V^\A be a subset containing , and F = G{0{S)). If the profinite 
completion F is adelic then C'^^\G) is central, hence finite. 

Our last result addresses the second aspect of the congruence subgroup problem, viz. the 
structure of the congruence kernel C = when it is infinite. It is known (cf. Proposition 

12.911 that in this case the group C is not finitely generated; for its precise structure in certain 
cases see m, m, m, m, m- Lubotzky [ 22 ] showed however that the congruence kernel C 
is always finitely generated as a normal subgroup of P. We will prove that when iL is a number 
field and G is 7L-isotropic, G as a normal subgroup of G is almost generated by one element 
(this result was announced more than 10 years ago and is mentioned in [21], but its proof given 
below appears in print for the first time). 
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Theorem D. Let G be an absolutely almost simple simply connected algebraic group over 
a number field K with rk^ G = 1. Then there exists c in G = G^^\G) such that if D is 
the closed normal subgroup of G generated by c then the guotient G/D is a guotient of the 
metaplectic kernel M{S, G); in particular, it is a finite cyclic group. 

(We note that if G is A'-isotropic and rk 5 G ^ 2 then G^^\G) is known to be central 
(Raghunathan [iQ], [H]) hence isomorphic to a qnotient M{S,G), so the theorem trivially 
holds with c = 1. Thns, the core case in the theorem is where rkg G* = 1.) 

2. Preliminaries on the congruence kernel 

Let G SL„) be an absolutely almost simple simply connected algebraic group over a global 
held K, A the hnite set nonarchimedean places of K where G is anisotropic and S c be 
a nonempty subset containing when A" is a number held and such that A ri S = 0 and 
rk^ G > 0. Let L = G(C>(S')). The discussion in pleads to the following exact sequence of 
topological groups for the congruence kernel G = G^^\G): 

(C) l^G —^G^G^l 

(we omit the superscript (S) whenever possible). It is an immediate consequence of the def¬ 
initions that ([C]) splits over the group of A"-rational points G{K) in the category of abstract 
groups (with the image of this splitting being dense in G). Furthermore, as we already pointed 
out in ^ it follows from the Strong Approximation Property that the A-congruence completion 
G can be naturally identihed with the group of A-adeles G{A{S)). We now recall the following 
universal property of (ICjl . 

Proposition 2.1. Let 

1 ^ D —^ A ^ G{A{S)) 1 

be an exact seguence of locally compact topological groups with D a profinite group. Assume 
that there exists a splitting (p: G{K) E for p over G{K) whose image is dense in E. Then 
there exists a continuous surjective homomorphism u: G ^ D. In particular, if G is trivial then 
so is D. 

Proof. Since the closure P of P in G is an open prohnite subgroup, and the group D is also 
prohnite, we see that hi := p“^(P) is an open prohnite subgroup of E. Then 

(p(G(A)) n = (p(G(A) n P) = (p(P) 

is a dense subgroup of hi. By the universal property of the prohnite completion, there exists a 
continuous surjective homomorphism P ^ hi which coincides with (p on P. As (p is a section 
for p over G{K), the composition po(p: P —> P restricts to the identity map on P, and therefore 
coincides with tt on P. Since (^: P ^ hi is surjective, we now conclude that 

D = = ^{G), 

so := ^|G is as required. □ 

The goal of this section is to develop some techniques that will be used later to establish the 
centrality of G in certain situations. For further use, it is convenient to deal not only with the 
extension ([C]) itself, but also with its quotients. So, let A c G be a closed normal subgroup 
contained in G. Consider the quotient of ([C]) by D: 

(F) 1^E = G/D H = G/D ^ G(A(A)) 1. 
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We note that just like ([U]), the sequence ([F]) splits over the group G{K), and the map 9 is open 
and closed. The following set of places plays an important role in examining when ([F]) is a 
central extension: 

3(F) = {v e V^\{S u I e{ZH{F)) ^ G{K)} 

where Zh{F) denotes the centralizer of F in H, the set A consists of those nonarchimedean 
V e for which G is /T^-anisotropic, and G{Ky) is naturally identified with a subgroup of 
G = G{A{S)). We will write 3 for 3(C') if this will not lead to a confusion. We note that 
Proposition 12.11 is independent of the Margulis-Platonov conjecture (MP), but in the rest of 
this section we do invoke our standing assumption that (MP) holds for G{K) and S r\ A = 0. 

We begin with a couple of results that give sufficient conditions for a place v e V^\{S u A) 
to belong to 3(F). 

Proposition 2.2. Let v e V^\{S u A). Assume there exists a noncentral a e G{Ky) such that 
a e 9{Zh{x)) for every x e F. Then v e 3(F). 

Proof. Let F be the set of conjugacy classes in F. The conjugation action of iP on F gives rise 
to a group homomorphism G -A- Perm(F) to the group of permutations of F. Our assumption 
means that r(a) = idj-. Since G{Ky) does not have proper noncentral normal subgroups (cf. 
[29] , and also |T5], [35], [66]), this implies that T{G{Ky)) = {idj-}. In particular, any open 
normal subgroup hF c F is normalized hy Hy ■.= 6 ~^{G{Ky)), so the latter acts on the finite 
group F/W. Let A^: Hy Aut(F/VF) be the corresponding group homomorphism, and set 
Cw = Ker Aw We need the following lemma. 

Lemma 2.3. Let k\ PL ^ Q and X: PL ^ AA be two continuous homomorphisms of locally 
compact topological groups with the kernels fC and C, respectively. Assume that 

(1) K is closed and surjective, /C is compact, and Q does not have proper closed normal 
subgroups of finite index; 

(2) A4 is profinite. 

Then PL = ICC, or eguivalently n{C) = Q. 

Proof. Assume that M := KC is properly contained in PL. Then, since K is compact, the 
image A(A/') = A(/C) is a closed subgroup of M. that is properly contained in X{PL). Since 
M. is profinite, there exists an proper open subgroup ^ ex M. that contains X{M) but not 
\{PL). Then V := X~^{f^) is a proper open subgroup of PL of finite index that contains M. It 
follows that ft:(V) is a proper closed subgroup of Q of hnite index. Then the intersection of all 
conjugates of k(V) would be a proper normal closed subgroup of Q of finite index, which by 
our assumption cannot exist. A contradiction. □ 

Applying the lemma to the homomorphisms Hy —^ G{Ky) and Hy Aut(F/hF), we 
obtain that 6 {Cw) = G{Ky), for every open normal subgroup W of F. Thus, for any g e G{Ky), 
the fiber 9~^{g) meets the closed subgroup Cw- Using the fact that £w = Fwn -nWd 

for any open normal subgroups Wi ,..., Wd of F and the compactness of 6 ~^[g), we conclude 
that 

where W runs through all open normal subgroups of F. But Cw clearly coincides with 
e-^{G{Ky))r^ZH{F). So, g e 6'(Zj/(F)), implying that G{Ky) c e{ZH{F)), hence v e 3(F). □ 

Proposition 2.4. Let V be a subset ofV^\S, and let T = V^\V. Assume that the congruence 
kernel C'UF)(G) is trivial and there exist subgroups Hi and H 2 of H such that 

{i) 9{Hi) and 6 {H 2 ) are dense subgroups of G{A{S u V)) and G(A(T)), respectively; 
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(n) Hi and H 2 commute elementwise and together generate a dense subgroup of H. 

Then H 2 centralizes F, and therefore is contained in 3{F). 

Proof. We note that G{K{S)) = G{A{T)) x G{A{S u V)). Replacing the subgroups Hi and H 2 
with their closures, we may assume that they are actually closed. Since 0 is a closed map, we 
then see that 

9{Hi) = G{A{S u V)) and 9{H2) = G{A{T)). 

Now, we dehne the following closed normal subgroup of Hp. 

H[ = Hir, 9-\G{A{S u R u ^))). 

It follows from condition (n) that the normalizer Nh{H[) contains Hi and i/ 2 , hence coincides 
with H. Thus, we can take the quotient of the extension (jF]) by H[, which yields the following 
exact sequence: 

1 F/{F n H[) — ^ H/H'i — > G{A{T\A)) ^ 1. 

We now observe that this sequence inherits from ([F]) a splitting over G{K) whose image is 
dense in H/H[. Since the congruence kernel is trivial by assumption, we conclude 

from Proposition 12.11 that F H[, which implies that H 2 centralizes F. Then for any v s V 
we have 

G{K) c 9{H2) c 9{Zh{F)), 

proving that v e '5{F) and establishing the inclusion R\^ c 3(R')- D 


Next, we will show how information about 3 can be used to conclude that dB is a central 
extension. 

Proposition 2.5. If there exists a subset V off){F) such that the congruence kernel G^^^^\G) 
is trivial, then the extension o is central. In particular, o is central whenever 3(R') = 

V^\{S^ A). 

We begin with the following elementary lemma. 

Lemma 2.6. Let 

( 2 . 1 ) F 

be an exact seguence of groups. Given a subgroup PC cx H that centralizes F and an element 
a e PL such that v{a) centralizes v{PC), the map 

7 ^: a; I—> \a,x] = axa~^x~^ for x e H', 

yields a group homomorphism Pi' ^ F. 

Proof. For x e PC we have z^([a,x]) = [p(a),z/(x)] = 1 implying that 7 a(a:) e F. Furthermore, 
ioT x,y e PC we have 

la{.xy) = [a,xy] = [a,x]{x[a,y]x~^) = 7a(a^)7a(2/), 

as required. □ 

Corollary 2.7. Assume that (12.ip is a central extension. Then for any elementwise commuting 
subgroups ^ 1,^2 c Q, the map 

C-. Qi y. g 2 F, {x,y)^[x,y] for xEiy-\x), yez/"^(y), 

is a well-defined bimultiplicative pairing. 
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Indeed, since T is central in 'H, the commutator [x, y] does not depend on the choice of lifts 
X, y, making the map c well-dehned. It follows from the lemma that c(^i,^ 2 ) and that 

for any x s and yi, y 2 e ^2 we have 

c(x,yiy 2 ) = Ixiym) = lx{yi)lx{y 2 ) = c(x,yi)c(x,y 2 ), 

proving that c is multiplicative in the second variable. The multiplicativity in the hrst variable 
is established by a similar computation. 

Proof of Proposition lil.51 To prove the hrst claim, we need to construct the subgroups 
Hi,H 2 of P[ with the properties similar to those described in Proposition 12.41 Set Hi = 
9~^{G{A{S u V)) . To dehne H 2 , we hrst consider H' = 9~^{G{A{T))) n Zh{F), where T = 
V^\V. Clearly, the groups G{Ky) for n e C generate a dense subgroup of G{A{T)). This 
fact has two implications relevant to our argument. First, since V c 3(F’) and 0 is a closed 
map, the image 9{H') is a closed subgroup of G{A(T)) containing G{Ky) for all n e C, hence 
9{H') = G(A(T)). Second, for any n e C, the group G is iF^-isotropic, and therefore G{Ky) 
contains no proper normal subgroup of hnite index (as we already mentioned above). It follows 
that G(A(T)) contains no proper closed normal subgroup of hnite index. Now, it follows 
from Lemma [22] that for any a e Hi, the map x 1 —> [a, x] dehnes a (continuous) group 
homomorphism H' F. We now consider the prohnite group 

Ai = Fa, where Fa = F for all a e Hi, 

aeHi 

dehne a continuous homomorphism X: H' ^ M, x •—> ( 7 „(x)), and let H 2 = Ker A. Applying 
Lemma 12.31 we see that 9 {H 2 ) = G{A{T)). This easily implies that H = H 1 H 2 , and on the 
other hand, by our construction the subgroups Hi and H 2 commute elementwise. In particular, 
H 2 is normal in H, and hence ([F|) gives rise to the following exact sequence 

1 ^ F/{F n H 2 ) —^ H/H 2 G{A{S))/G{A{T)) = G(A(A u V)) 1. 

Since G^'^^^^(G) is trivial by assumption. Proposition 12.1! implies that F c H 2 . It follows that 
Hi centralizes F, and therefore so does H = H 1 H 2 as H 2 c Zh{F) by our construction. (While 
this can be derived directly from Proposition 12.41 we gave an independent argument in order 
to avoid cumbersome notations.) 

For the second assertion, we observe that for V = V^\{S u A), the triviality of G*'‘^^^^(G) 
is equivalent to our standing assumption that (MP) holds for G{K) and S n A = 0 . □ 

Proposition 2.8. Assume that An S = 0 and there is a partition V^\{S u Al) = V) such 
that one can find subgroups Hji and Hi {i el) of H satisfying the following conditions: 

(i) for each i e I and Vf := Ujvi congruence kernel G^'^^'^'^(G) is trivial; 

(a) 9{Hjf) is a dense subgroup of Gji = ^(-^i) *■5 ® dense subgroup of 

G{A{V^\Vi)) for all i e /; 

(Hi) any two of the subgroups H_a and Hi for i e I commute elementwise; 

{iv) the subgroups H_a and Hi for i e I generate a dense subgroup of H. 

Then dB is a central extension. 

Proof. Fix i E I, and apply Proposition 12.41 with V = AluF); then the corresponding T is Fu Vf. 
We let H{T) be the subgroup (of H) generated by Hji and Hi, and H{S u T) be the subgroup 
generated by Hj for j e I\{i}. Using Proposition 12.41 we conclude that V) c 3(A). Since this is 
true for all i e I, we see that actually 3(A) = V^\{S u A). Then ([F|) is central by Proposition 
12.51 (We note that in the case A = 0, the proof in fact does not require Proposition 12.51 1 □ 
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The following assertion goes back to [H] (see also [ 22 ], [25l Proposition 7.1.3], [3T]b 

Proposition 2.9. /f flFj) is not central then F possesses closed subgroups F 2 Fi, both of which 
are normal in H, such that the quotient F/Fi is finite and the quotient F 1 /F 2 is isomorphic 
to riiG /where I is an infinite set and <f>j = $, the same finite simple group, for all i e L 
Consequently, if F is finitely generated then it is central, hence finite. 

3. A CRITERION FOR CENTRALITY 

We begin with one additional notation. Let v e , fix a maximal iP^-torus T of G, and 
let T'’®® denote its Zariski-open subvariety of regular elements. It follows from the Implicit 
Function Theorem that the map 

(3.1) G{K) X r-g(A,) - G{K), {g,t) - gtg~\ 
is open; in particular, 

^iv,T) := ip,,T{GiK) X 

is an open subset of G{K„). It follows from the dehnition that {v, T) is conjugation-invariant 
and solid, i.e. intersects every open subgroup of G{K.f) (the latter property is primarily used 
when V is nonarchimedean). Let 9 be as in the short exact sequence ([F|) of the preceding section. 

Theorem 3.1. (i) If extension (F) is central, then there exists a positive integer n such that 
for any maximal K-torus T of G and any t e T{K), we have the inclusion 

(3.2) OiZnit)) ^ T{A{S)r 

{here we view the group of S-adeles T{A{S)) as a subgroup of G{A{S)) = G, and use t to 
denote also the lift of t e T{K) in H provided by the splitting of ([F|) over G{K)). 

{ii) Conversely, assume that there is an integer n > 1, a finite subset V c V^\S and 
maximal Ky-tori T{v) of G for v e V such that for any element t e G{K) n U with 
U = '^(t, r(T)), which is regular semi-simpl^, the inclusion l[3.2\} holds with 

T = Zcity ■ Then ([F|) is a central extension. 

Proof of {i). Assume ([F|) is central. Then the finiteness of the metaplectic kernel M{S, G) [361 
Theorem 2.7] implies that F is finite (cf. [39l 3.4-3. 6 ]). Set n = |F|. Now, let T be a maximal 
A-torus of G, let t e T{K), and let IF = 9~^{T{A{S))). By Lemma YIM the map 7 ^: x 1 —> [t, x] 
yields a group homomorphism tZ ^ F. It follows that 7 t(t^”) = {1}, i.e. c Znit). On 
the other hand, 9{CTy = T{A{S))"‘, and our assertion follows. □ 

For the proof of part {ii) we need the following proposition in which we use X and X to 
denote the closure of a subset X c G{K) in G and G, respectively. 

Proposition 3.2. (Cf. [121 Proposition 3.2]) Assume that there exist a positive integer n, a 
finite set of places V c V^\S and maximal Ky-tori T{v) of G for v e V such that for every 
regular semi-simple element t e G{K) n U, where U = '^(x, r(i;)), the inclusion 1)3.^) 

holds for T = ZG{t)°. Then for any normal subgroup N of T = G{0{S)) of finite index and 
any x e A n F, we have 

(3.3) Z(A,x)(iVn F) 3 (F n f/)", 
where Z{N, x) := {7 e F | [x, 7 ] e A}. 

(Note that Z{N, x) is simply the pullback of the centralizer of xA in F/A under the canonical 
homomorphism F ^ h/A.) 

^Of course, any t e G{K) n t7 is automatically regular semi-simple if F 7 ^ 0 . 
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Proof. For proving fl3.3p . we may replace N with a smaller normal subgroup of F of finite index 
to assume that N = where c G(Oy) is an open normal subgroup for all v f S, 

and Njj = G{0.y) for all v e V^\{S u V') for a suitable finite nonempty subset V c V^\S. 

We need to show that for any z e F n f/, we have 

(3.4) e Z{N,x)(N nT). 


If 14 7 ^ 0 , then z is automatically regular semi-simple. If 14 = 0 , and hence F n f/ = F, using 
the Zariski-density of in G in conjunction with the fact that the set of regular semi-simple 
elements is Zariski-open in G, we see that the coset zN contains a regular semi-simple element 
z' E r Cl U. This means that in proving fl3.4p . we may assume z to be regular semi-simple. Let 
To = Zg(z) ° be the maximal iF-torus of G containing 2 ;. For v e V" \= V yjV consider the 
open set IW := Pv 71 ,(W X of G{Ky) (see fl3.1l) ). and then set 

>V = n and AA = ]^ W. 

veV" veV" 


Since W is an open subgroup, the intersection W n To{K.f) nieets for every v e V", 

which implies that W n A/" is a nonempty open subset of J\f, and hence W c WN. Since 
X E N Ci r, there exist y e N such that 

(3.5) xy = gbg~^ 


for some g = (g^) with g.^ e and b = (6„) with b^ e for v e 14". As 14" A 0, the 

element t := xy is automatically regular semi-simple. Let T = Zdty be the maximal iF-torus 
of G containing t. 

For V f S, define 

f g„z^gf^ if n e 14", 

\ 1 if vfS^V". 

It follows from fl3.5p that the adele a = (a^) belongs to T{A{S))^. So, by fl3.2p there exists 
s E Zuit) such that 6{s) = a. In fact, a e F, so s e F, and F n sN is nonempty; we pick 
c e F n sN. Then 

[x, c] E [f, c] = [f, s] A^ = A^ 

implying that c e Z{N, x) (note that, being of finite index in F, the normal subgroup N is open 
(and hence closed) in the profinite topology on the former, and hence F n A^ = A^). On the 
other hand, 

c e e{s)N = aN = z^N 

as az~^ E N because e N.^ since g^ e Ny, for v e 14", and = z~'^ e 

G{Oy) = Ny, for V E V^\{S u 14"). □ 


Proof of [a) in Theorem \3.1[ First, we will derive from Proposition 13.21 that for any x e F 
we have the inclusion 

(3.6) e{ZH{x)) ^ (r7^)T 

Consider the profinite group A = d“^(F), which is a quotient of F, and take any 7 e F n f/ (we 
will canonically identify F with a dense subgroup of A using the splitting of 9 over G{K)). Let 
M be the family of all open normal subgroups of A. For Re set 

NR-=VnR and .R := r^(i^), 

and pick xtj e F n [xR). Applying Proposition 13.21 to Nr and xr, we obtain that 

(3.7) 7^7? ^(7?, x) A 0 for any Re 3?, 
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where Z(R,x) := e A|[x,5] e R} = {S e A|[a;/j,5] e R}. Using the compactness of F, one 
easily derives from this that 

(3.8) ^ 0. 

Indeed, one observes that 

P|^ = F, []z{R,x) = Za{x), 

and for any Ri,..., R^ ^ we have 

Z{Ri, x) n • • • n Z{Rd, x) = Z{Ri n ■ ■ ■ n Rd, x). 

So, if fl3.8p does not hold, there exists R' e ^ such n Z{R',x) = 0 . Next, using the 
compactness of Z{R', x), we see that there exists R" e M such that j"‘R'' n Z{R', x) = 0 . Then 
for R = R' Cl R", the inclusion fl3.7p fails to hold, a contradiction. 

We have proved that (T n U)"' c 9{Za{x)). Since 9{Za{x)) is closed, passing to the closure, 
we obtain fl3.6l) . Furthermore, we have T nU = where = G{Oy) n ^{v,T{v)) for 

V e V and = G{Oy) for v e U^\(iS' u U). In all cases, is a nonempty open subset of 
G{Ky), hence Zariski-dense. It follows that is always inhnite. Now, we conclude from 

fl3.6p and Proposition 12.21 that 3(P') equals V^\{S u A). Then the extension ([F]) is central by 
Proposition 12.51 □ 


4. First applications and proof of Theorem A 

To verify the inclusion (13.21) in Theorem 13.11 we observe that for t e T{K), the centralizer 
Znit) contains T{K), hence the closure T{K), and therefore O^Zuit)) contains 6{T{K)) = 
T{K). So, we could immediately derive the centrality of ([FP using Theorem 13.11 if we knew 
that there exists an integer n > 0 such that for any maximal iP-torus T of G (or at least 
for any maximal A-torus with specified local behavior at hnitely many places), the quotient 
T{A{S))/T{K) has exponent dividing n (“almost strong approximation property” up to ex¬ 
ponent n). Unfortunately, when S is hnite the latter quotient has inhnite exponent (cf. [371 
Proposition 4]), which forces us to use some additional considerations (cf. Proposition 14.51 and 
Examples 4.6 and 4.7 below). In the next section, we will establish almost strong approxi¬ 
mation property in the case where S contains all but hnitely many elements of a generalized 
arithmetic progression (see Theorem 15.3p . which will lead to Theorem B of the introduction. 
In this section we will consider separately a basic case where V := V^\S is hnite (i.e., S is 
cohnite) as this case has some interesting consequences (like Theorem A of the introduction). 
Since in this case the corresponding ring of F-integers 0{S) is the intersection of hnitely many 
discrete valuation subrings of K corresponding to the places in V, hence is semi-local, we will 
refer to this case as semi-local. 

We begin with the following proposition which was already implicitly established in [331 §9]. 

Proposition 4.1. (Almost weak approximation) For every d ^ 1, there exists an integer 
n = n{d) A 1 such that given a K -torus T of dimension < d, for any finite set of places 
V c , the guotient Tv/T{K), where Ty = YIvev'^(^) F(A) denote the closure of 
T[K) in Ty, has exponent dividing n. 

Proof. Pick n = n{d) so that it is divisible by the order of any hnite subgroup of the group 
GLd{h) (it follows from Minkowski’s lemma that one can take n to be the index in GLrf(Z) 
of the principal congruence subgroup modulo 3). Let T be an arbitrary A-torus of dimension 
m ^ d. We let A := Kt denote the minimal splitting held of T over A, and set Q = Gal(A/A). 
The natural action of Q on the character group X(T) dehnes its faithful representation in 
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GLm(Z,), SO the order \Q\ divides n{d). Then, for the dual module of co-characters X^{T), 
we hnd a surjective homomorphism (p: Z[^]^ X^(T), and let M = Ker 0. Let T' and T” 

be the iL-tori that split over E and have 'L\QY and M as their co-character modules; clearly, 
T' = R£;/ 7 ^(GLi)^, hence it is quasi-split. We have the following exact sequence of iL-tori: 


1 


rjn/t 


T 


T 


1 . 


This sequence gives rise to the following commutative diagram with exact bottom row: 


T\K) 

^ T{K) 


i 

i 


T{. 

VV rji 

-^ ly ~ 



Being quasi-split, hence rational over K, the torus T' has weak approximation property with re¬ 
spect to any hnite set of places (cf. [30l Proposition 7.3]), i.e. T'{K) = Ty. It follows that T{K) 
contains r]v(Ty). On the other hand, the quotient Ty/r]v{Ty) embeds into T"). 

But for V E V, as a. consequence of Hilbert’s Theorem 90 for tori we have H^{Ky,T") = 
T"[Ly,)) where Qw is the decomposition group Ga\{Eyj/Ky) for some extension w\v. By 
our construction, the order \Qyy\ divides n. Therefore, the quotient Ty/r]y{Ty) has exponent 
dividing n, and our claim follows. (We note that the proof enables us to somewhat optimize 
our choice of n\ all we need is that n be divisible by the order of any hnite solvable subgroup 
ofGLrf(Z).) □ 


Corollary 4.2. Let G he a reductive K-group. There exists n ^ 1 such that for any maximal 
K-torus T of G and any finite set of places V a , the quotient Tv/T{K) has exponent 
dividing n. 

Now, let G be an absolutely almost simple simply connected algebraic group over a global 
held K, and let H be a hnite set of nonarchimedean places of K containing the set A of 
anisotropic places. Set S = V^\V. Then for any maximal iL-torus T of G the group T{A{S)) 
can be identihed with the group Ty in the above notations. Thus, Gorollary 14.21 asserts the 
existence of n ^ 1 (independent of T) such that the closure T{K) of T{K) in T{A{S)) contains 
r(A(S'))"', for any maximal iP-torus T of G. Let us use this fact to analyze the congruence 
sequence ([C]) appearing in §2. As we observed at the beginning of this section, for a maximal 
TL-torus T of G and any t e T{K), the image 7r(Zg(t)) of the corresponding centralizer contains 
T{K), hence T(A(S'))”'. This enables us to use Theorem 13.11 to conclude that the congruence 
kernel is central. Furthermore, it follows from our computations of the metaplectic 

kernel [36] that in the situation at hand M{S, G) is trivial, so being central G^^^G) is actually 
trivial (provided that (MP) holds for G{K), which we assume). Thus, we obtain the following: 

Theorem 4.3. Let G be an absolutely almost simple simply connected algebraic group over a 
global field K, and assume that (MP) holds for G{K). Then for any finite set V of nonar¬ 
chimedean places of K that contains the set A of anisotropic places and S = V^\V, the 
congruence kernel G^^^ (G) is central and hence trivial. 


Remark 4.4. Sury [63] showed that for the absolutely almost simple simply connected anisotropic 
groups of type Ai as well as simply connected groups of classical types associated with bilinear 
and certain hermitian/skew-hermitian forms, the methods used to prove (MP) (see [30] Ghap- 
ter 9]) can be adapted to prove Theorem 14.31 This does not appear to be the case for the 
anisotropic inner forms of type A„ with n > 1, i.e. for the groups of the form G = SLi £>, where 
D is a central division algebra over K of degree d > 2. Indeed, in this case the proof of (MP) 
is derived from the following result which is valid over any held: Let D be a finite-dimensional 












12 


PRASAD AND RAPINCHUK 


division algebra over a field K. Then cannot have a nonahelian finite simple group as a 
quotient (see m, and also [M])- In fact, every finite quotient of is solvable [SS]. (See also 
[SI] for another proof of (MP) along these lines.) All these resnlts rely on the following fact: 
For a finite index subgroup N of , we have D = N — N (H.ra). However, there is no valid 
analog of this fact for hnite-index snbgronp of where T> is an order in D over a semi-local 
snbring O oi K that has hnite homomorphic images (see [I] regarding the case where V has no 
snch images). 

Combining Theorem 14.31 with Proposition 12.81 we obtain the following. 

Proposition 4.5. Assume that AnS = 0 and there is a partition V^\{S u.4,) = V), with 

all Vi’s hnite, such that one can find subgroups and Hi [i el) of H satisfying the following 
conditions: 

{i) 0{Hjf) is a dense subgroup of = OdsA ^i^v) d{Hi) is a dense subgroup of 
G{A{V^\Vi)) for all i e I; 

{ii) any two of the subgroups and Hi for i e I commute elementwise; 

{Hi) the subgroups Hj\^ and Hi for i e I generate a dense subgroup of H. 

Then dB is a central extension. 

Proof of Theorem A. We apply Proposition 14.51 to H = and F = G*'‘^^(G) by considering 
the partition of V^\{S u .4.) into one-element snbsets (singletons). We let H_a be the snbgronp 
generated by (notations as in the statement of Theorem A) for v e A, and set Hy = Qy for 
V e V^\{S u A). Then the assnmptions of Theorem A immediately show that the conditions 
of Proposition 14.51 are satished and the centrality of G^^\G) follows. □ 

We will now show how Theorem A can be nsed to establish the centrality of G^^\G) in some 
known cases. 

Example 4.6. Let G = SL„ with n ^ 3, and S c be an arbitrary snbset containing 
The hrst proof of centrality in this case was given by Bass, Milnor and Serre in [3]. 
In order to apply Theorem A and give an alternative argnment, for 1 ^ i,j ^ n, i A j, 
we consider the corresponding 1-dimensional nnipotent snbgronp Uij of G together with its 
canonical parametrization Cij: Ga Uij. The following commntation relation for elementary 
matrices is well-known: 

{ 1 , i A m,j A I 

eim{st), j = l,iAm 
eij{-st), j^lfi = m 

It is easy to see that the topologies Ta and Tc of G{K) indnce the same topology on each 
Uij{K) (cf. Theorem 7.5(e) in [3|). So, if Uij and Uij denote the closnres of Uij{K) in G 
and G, respectively, then G UA G restricts to an isomorphism Uij Uij. By the strong 
approximation property for the additive gronp G^, the isomorphism {eij)K- Uij{K) 

extends to an isomorphism ejj: A{S) Uij. Then ejj := nAoeij is an isomorphism A(S') ^ Uij. 
We will let ‘^y, for v f S, denote the snbgronp of G generated by eij{t) for all t e Ky ^ As and 
all i A j. Clearly, the satisfy condition (z) of Theorem A. Since Ky for v e V^\S additively 
generate a dense snbgronp of A(S'), the closed snbgronp of G generated by the ^y, v f S, 
contains eij{A{S)) for all i A j. In particniar, it contains eij{K) for all i A j, hence G{K), and 
therefore coincides with G, verifying condition {Hi). Finally, to check {ii), we observe that the 
density of K in A(S') implies that fl4.ip entails a similar expression for [eij{s),eim{t)] for any 
s,t e A{S). Now, for s e Ky.^ and t e Ky^, where Vi A V 2 , we have st = 0 in A(S), which implies 
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that ejj(s) and eimif) commute except possibly when I = j and m = i. In the latter case, as 
n ^ 3, we can pick I ^ i,j and then write eji{t) = [eji{t),eii{lK^^)]. Since ejj(s) is already 
known to commute with eji{t) and it commutes with eji{t) as well. This shows that 

and commute elementwise, which verifies condition (ii) of Theorem A. Then the latter 
yields the centrality of C^^\G). 

(We note that the idea of using commuting lifts of “local” groups is useful in the analysis 
of the congruence subgroup problem not only in the context of algebraic groups over the rings 
of S'-integers in global fields, it was used in [53] together with the result of M. Stein [HI] on 
the centrality of K 2 over semi-local rings to prove the centrality of the congruence kernel for 
elementary subgroups of Chevalley groups of rank > 1 over arbitrary Noetherian rings. It is 
worth noting that the above argument based on almost weak approximation in maximal tori 
and the action of the group of rational points on the congruence kernel enables one to bypass the 
rather technical computations of Stein, but the exact trade-off between these two approaches 
is not apparent.) □ 


Example 4.7. Let G = SL 2 , and let S c be a subset that contains and is of size 
151 > 1; by Dirichlet’s Unit Theorem (see [31 Ch. 2, Theorem 18.1]), the latter is equivalent to 
the existence of a unit £ e 0{S)^ of infinite order. The centrality of G^^\G) in this case was 
first established by Serre [58]. We will now show that this can also be derived from Theorem A. 
(We note that the argument below, unlike Serre’s original proof, makes no use of Tchebotarev’s 
Density Theorem.) We let f/'*', U~ and T denote the subgroups of upper and lower unitriangular 
matrices and of diagonal matrices, respectively, and fix the following standard parametrizations 
of these groups: 



(a, b e Gq, t e GLi). For a,b e K such that ab A 1, one easily verifies the following commutator 
identity: 


(4.2) 


[u+(a),ti (6)] 





We let [/- and denote the closures of U-{K) in G and G, respectively. Again, it is easy to 
check that the topologies and Tc of G{K) induce the same topology on U^{K) and U~{K) 

(cf. [58l 1.4, Prop. 1]), so G GW G restricts to isomorphisms U- . Furthermore, {u-)k 

extend to isomorphisms u-\ A(5) ^ U~. So, the maps u- := (vr-)"^ ou- give isomorphisms 
A(5) —> U-. For V e V^\S, we let denote the subgroup of G generated by u'^{Ky) and 
u~{Ky). As in Example 4.6, one checks that the subgroups ^y clearly satisfy conditions (i) and 
{Hi) of Theorem A, so we only need to verify condition [ii). In other words, we need to show 
that for vi ¥= V 2 , the subgroups u~''{Ky^) and u~{Ky^) commute elementwise. 

First, we construct nonzero uq e Ky^ and bo e Ky^ such that u~^{ao) and S“(&o) commute in 
G. Let us enumerate the valuations in V^\{S u {ui, ^ 2 }) as V 3 , V 4 ,.... If d is the class number 
of 0{S), then for each i = 1,2,3,..., we can pick an element pi e 0{S) such that Vi{pi) = d 
and Vj{pi) = 0 for j ^ i. Fix a unit e e 0{S)^ of infinite order. Then for any m ^ 2 we can 
find an integer n(m) divisible by ml so that 

e-M^l(mod ipi---Pmfn- 

We can then write 1 — = ayabm with a^, bm ^ G(S) satisfying 


(a) 


arr^ = 0 (mod (pa • • - Pm)™), Vi(am) < d, 
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and 

(b) bm = 0 (mod {piPs ■ ■ -Pm)”^), ^ 2 ( 6 ^) < d. 

Since am,bm e 0(3), there exists a snbsequence {mj} snch that amj —> no and bmj —» &o in 
A(S'). In fact, it follows from ([a]) and (jb]) that oq e and bo e To show that M“''(ao) and 
S“( 6 o) commute, we observe that 

[u^{ao),u~{bo)] = limin'^{am.),u~{bmi)] in G. 

j—*-cc 

On the other hand, using fl4.2p . we obtain 

[u+{am),u-{bm)] = ^ 1 in G, 

because a^bm, cbmbm —*■ 0 in A(S'), and —> 1 in G as n{m) is divisible by m\ and hence 

h(e"'('")) belongs to any given finite index normal subgroup N of G{0{S)) for all sufficiently 
large m. Thus, [n+(ao), m“( 6 o)] = 1- Now, for t e , the automorphism at of G given by 
conjugation by diag(t, 1) extends to an automorphism at of G. Then 

1 = at{[u^{ao),u~{bo)]) = [fi+(fao), 


Since is dense in x by weak approximation, we obtain that 


for any t e K' 

[ti+(a), m“( 6 )] = 1 for all a e b e Ky^, as required. 


□ 


Remark 4.8. The argument given in Example 4.6 can be generalized to prove the centrality of 
(G) for any absolutely almost simple simply connected algebraic AT-group G with rk^G ^ 2 . 
The first proof of this fact was given by M.S. Raghunathan in [IHI; a shorter argument was given 
in [13]. The case where rk^^ G = 1 and rkg G 3 2 (which generalizes Example 4.7) is more 
complicated; it was treated by Raghunathan in jH] by a different method. One can give an 
alternative (shorter) argument (at least when char 77 ^ 2) based on Proposition 14.51 details will 
be published elsewhere. Theorem A can also be used to simplify the proof of Serre’s conjecture 
for some anisotropic exceptional groups m- 

5 . Strong approximation property in tori with respect to arithmetic 

PROGRESSIONS AND THE PROOF OF THEOREM B 

Strong approximation property in tori with respect to (generalized) arithmetic progressions 
was analyzed in [37|, and we begin by reviewing some of the results obtained therein (we refer 
the reader to [ 12 ] and references therein for the analysis of strong approximation from a different 
perspective). Let ^(F/77,'^) be a generalized arithmetic progression, where F/K is a finite 
Galois extension with Galois group ^, and ^ is a conjugacy class in ^ (for definition see ^ID- 
For a finite extension EjK, we let denote the group of ideles of E. Furthermore, given a 
subset S of , we let S denote the set of all extensions of places from S to E, and then let 

Ie{S) denote the group of S'-ideles and let be the closure of (the diagonally embedded) 

E^ in Ie(S). 

Proposition 5.1. (Gf. [ST] Proposition 3]) Let !^{^EjK,^) be a generalized arithmetic progres¬ 
sion, k^o c i3^{FlK,^) be a finite (possibly, empty) subset, and let 

S={t^{FlK,^)\t^o)^V^. 

Furthermore, let E/K be a finite separable extension. contains an automorphism that acts 
trivially on E n E (in particular, if^= {e} or E d F = K) then the index 

Iij(:s) : 


is finite and divides [F : K], 
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Proof. By the reduction theory for ideles (cf. [21 Ch. 2, §16]), the quotient where 1)^ is 

the group of ideles with content 1, is compact. On the other hand, for any w e V^, the product 
is a closed subgroup and the quotient lE/E^If; is compact (in fact, this quotient is trivial 
if w is archimedean, and is hnite in the function held case). It follows that for any nonempty 

T c 1/®, the quotient Ie{T)/E'^ is compact. Since S contains , we conclude that in our 
notations the quotient Ie{S)/E^^^'^ is a prohnite group, hence 

= n 

where B runs through all open subgroups of I_e(<5') that contain E^ (note that these automat¬ 
ically have hnite index). Thus, it suffices to show that for any such B, the index [IIe(S') ; B] 
divides [F: E E] = [EE : E], Let M be the preimage of B under the natural projec¬ 
tion Ie Ie('S'). By class held theory, for the norm subgroup N = Nef/e(Jef)E^ , the 
index [I^ : N] equals the degree of the maximal abelian subextension of EF/E, hence divides 
[EE : E], So, it is enough to show that M contains iV, or equivalently, the abelian extension 
P oi E with the norm subgroup M is contained in EE. We note by our construction for every 
w e S, the multiplicative group E^ is contained in M, hence the extension P/E splits at w (cf. 
pi Exercise 3]). 

Let R be the minimal Galois extension of K that contains E, F and P. Let cr e ^ be an 
automorphism that acts trivially on E n F; then there exists a e Gal(FF/F) whose restriction 
to F is a. We will now show that actually P c [EFY. Assume the contrary. Then there 
exists r e Gal(i?/iL) such that t\EF = a and r|F ^ idp. (Indeed, let tq e Ga\.{R/K) be 
some lift of a. If P c EF then we can simply take r = tq. So, suppose P cj; EE. If every lift 
r e Gal(P/Ar) of a acted trivially on P, we would have the inclusion roGal(P/PP) c Gal(P/P). 
Then Gal(P/FP) c Gal(P/P), hence P c EF, a contradiction. This proves the existence of a 
required lift r in all cases.) By Tchebotarev’s density theorem (cf. [21 Gh. 7, 2.4]), there exists 
a nonarchimedean v e such that R is unramihed at v and for a suitable extension u 

we have Fte/k{uY) = u. Glearly, v e so the restriction tc of u to P lies in 

S. On the other hand, since r restricts to P nontrivially, we see that P does not split at w, a 
contradiction. □ 

Remark 5.2. The above argument is a modihcation of the argument given in [37| in the case 
of arithmetic progressions dehned by an abelian extension F/K. We note that our argument 

here shows the index [Ip(<5') : in fact divides the degree [P'^ : P] for any a e ^ that 

acts trivially on P n P (for this one needs to observe that [(PP)”" ; P] equals : P n P], 
hence divides : AT]). We also point out that Proposition 4 in [37] provides a converse in the 
case where F/K is abelian, viz. if ^ = {a} and a acts on P n P nontrivially, then the quotient 

Is(<5')/P^*'^^ has inhnite exponent. 

Proposition 15.11 gives a form of almost strong approximation property with respect to gen¬ 
eralized arithmetic progressions. We now combine this with the method used in the proof of 
Proposition 14.11 to obtain the following. 

Theorem 5.3. (Almost strong approximation property, cf. [STJ Theorem 3]) For every d,m ^ 1 
there exists an integer n = n{d,m) ^ 1 such that given a K-torus T of dimension ^ d, a 
generalized arithmetic progression t^{F/K,‘^) with [F : K] = m and a finite subset ^ 

&>{F/K, ^), for the set S = {^{F/K, ^)\^o) u the closure ofT{K) m T{A{S)) 

contains T{A{S)Y, provided that some (eguivalently, every) element of ^ acts trivially on 
Kt n F, where is the splitting field ofT. 
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Proof. Let n' = n'{d) be an integer divisible by the order of any finite snbgronp of the group 
GLd(Z) (see the proof of Proposition I4.ip . We will show that n{d,m) := n\d) • m is as 
required. Let T be a iL-torus of dimension ^ d such that for the splitting held E := some 
(equivalently, every) element of ^ acts trivially on E n F. As in the proof of Proposition 14.11 
we can construct an exact sequence of iL-tori 

(*) 1 ^ T" — >T' ^ I 

with T' = R^/^(GLi)^ for some £ ^ 1. Since all the tori in ([*]) split over E, we have the exact 
sequence of the groups of S'-adeles, where S consists of all extensions of places from S to E: 

(-) 1 - r'{AE(S)) — T'iAEiS)) T{Ae(S)) - 1. 

Let Q = Gal{E/K). Then induces the following commutative diagram with exact bottom 
row: 


r{K) 

^ T{K) 


i 

i 


T{A{S)) 

^ T(A(A)) - 

H^{g,rfAE{s))) 


Glearly, T{K) contains riA{s)iT'{K) ). But it follows from Proposition 15.11 that T'{K) 
contains r'(A(S'))"*. By the exactness of the bottom row, T{A{S))/r]A(s){T'{A{S))) has expo¬ 
nent dividing the order of Q, hence n'{d). So, our assertion follows. □ 

Remark 5.4. With some more work, one can prove the following full analog of Proposition 
15.11 for arbitrary tori: There exists N = N{d,m) such that given a K-torus T of dimension 
^ d, a generalized arithmetic progression J^{FfK,^^) with [F : K] = m and a finite 

1 ^{F /K,^), for the set S = {kP{F/ K u , the index [T(A(S')) : is finite 

and divides N, provided that some {eguivalently, every) element of ^ acts trivially on Kt n F, 
where Kt/K is the splitting field ofT. Since this more precise statement is not needed in the 
proof of centrality of the congruence kernel, we will give the details elsewhere. 

Proof of Theorem B. The assumption that S almost contains a generalized arithmetic progres¬ 
sion of course, means that there exists a hnite set ^ I^{FjK,'^) such that 

S contains S'o := {kP{F/ u . Besides, we are assuming that acts trivially on 
F Ci L, where L is the minimal Galois extension of K over which G becomes an inner twist of 
the split group. Since Sq contains a non-archimedean place v such that G is iP.u-isotropic, our 
computations of the metaplectic kernel show that M{S., G) = 1 (see [Ml Main Theorem]). This 
means that once we know that C^^\G) is central, we can actually conclude that it is trivial. 
We will derive the centrality from Theorem 13.11 just as we did in the proof of Theorem 14.31 
however the difference is that while almost weak approximation property holds uniformly for all 
maximal iL-tori T of G (see Gorollary 14.21) , Theorem 15.31 guarantees almost strong approxima¬ 
tion property only in the case where ^ acts trivially on Kt n F. To show that this information 
is still sufficient for the proof of centrality, we need the following. 

Lemma 5.5. (Gf. [3S1 Theorem 2]) Let G be a semi-simple algebraic group over a global field 
K, and let L be the minimal Galois extension of K over which G becomes an inner form of 
a split group. Furthermore, suppose we are given a finite subset S c and a finite Galois 
extension F/K. Then there exists a finite subset V c V^\S and maximal K^-tori T{v) of G 
for V e V such that for any maximal K-torus T of G which is G{Ky)-conjugate to T{v), the 
minimal splitting field Kt satisfies 

(5.1) 


Kt r\ F = L r\ F. 
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Proof. Let ri,... ,r 4 be all the nontrivial elements of Gal(-F/(F n L)). We extend each Ti to 
Ti e Gal{FL/K) by letting it act trivially on L. There exists a hnite subset Vq of such that 
G is quasi-split over for all v e V^XVq (see [301 Theorem 6.7]). By Tchebotarev’s density 
theorem [21 Ch. 7, 2.4], we can hnd ui,..., n* e V^\{S u Vq) such that FL is unramihed at Vi 
and for an appropriate extension Wi\vi, one has FYpL/K{wi\vi) = Xj, for each i = 1,... ,t. Set 
V = {ui,..., Vt}. Since r* acts on L trivially, we conclude that L c 77^.. Combining this with 
the fact that by our construction G is quasi-split over 77^., we obtain that G actually splits 
over 77^., and we let T{vi) denote its maximal 77^.-split torus. We claim that these tori are as 
required. Indeed, let T be a maximal 77-torus of G as in the statement of the lemma. Then its 
splitting held Kp satishes Kp c 77^,. for alH = 1,..., f. If we assume that Kp n 7^ cj; L n F, 
then there exists an i such that r* acts nontrivially on Kp n F. Since Xj = FTp/xivi) lies in the 
local Galois group Gal(F77^./77„J, we see that Kp n F cj; K^.. A contradiction, proving the 
inclusion c in fIS.ip . The opposite inclusion follows from the fact that L is contained in the 
splitting held of every maximal F-torus of G. □ 

To implement the above strategy (although with some variations) and prove Theorem B, we 
set S = A{G) u and use Lemma 1531 to hnd a hnite subset V a V^\S and maximal F„-tori 
T{v) of G for V E V with the properties described therein. Then set 

F = i^iFfK,^)\{^o u F)) u C- 

Clearly, S' is contained in S, and in particular is disjoint from A and V. Now, let t be any regular 
semi-simple element in G{K)riU where U = ^('^)) notations introduced prior 

to the statement of Theorem 13. 11 and let T = ZG{t)° be the corresponding maximal F-torus of 
G. Then by construction T is G(F^)-conjugate to T{v) for all n e F, so by Lemma 1331 we have 
Kp Cl F = F Cl L. This means that the elements of ^ act trivially on Kp n F, and therefore 

Theorem 15.31 yields the inclusion T{K) ^ F(A(S"))"' where n = n{d, [F : F]) is the number 
from this theorem and d is the absolute rank of G. On the other hand, we obviously have 

the inclusion 7r^^'\ZQ(s'){t)) ^ T(K)^ \ This verihes the assumptions of Theorem 13. If hi for 
the congruence sequence ([C]) associated with the set S', and therefore enables us to conclude 
that is central. As we explained in the beginning of the proof, since there exists a 

nonarchimedean v e S' such that G is F^-isotropic, this implies that G^^\G) is actually 
trivial. Finally, since S" c S' and S\S' does not contain any anisotropic places for G, there 
exists a natural surjective homomorphism G^^ ^(G) —> G^^\G) (cf. |40l Lemma 6.2]), so G^^\G) 
is also trivial. □. 

6. CSP FOR ARITHMETIC GROUPS WITH ADELIC PROFINITE COMPLETION: PROOF OF 

Theorem c 

Before we embark on the proof of Theorem C (of the introduction), we would like to point 
out that for inhnite arithmetic groups in positive characteristic the prohnite completion is never 
adelic (see Remark 16.21 below), so we limited the statement of Theorem G to the case of number 
helds. The proof relies on the following properties of the group of adeles. 

Lemma 6.1. Let 72 = GL„(Z) = GL„(Zg), and fix a prime p. 

q prime 

(1) There exists dS 1 (depending only on n) such that for any pro-p subgroup V of Ft, one 
has 

[P("),P(")] c GL„(Zp), 

where denotes the (closed) subgroup generated by the d-th powers of elements ofV. 
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(2) IfV^fl is an analytic pro-p subgroup satisfying the following condition 

(O) for any open subgroup V cz V, the commutator subgroup [V',V'] is 
also open in V, 

then the kernel of the projection V is open in V. 

Proof. (1): By Jordan’s Theorem (cf., for example, [l3]), there exists i = £{n) such that every 
hnite subgroup J c GL„(F), where F is a held of characteristic zero, contains an abelian normal 
subgroup of index < £. Set d = £\ and observe that the exponent of any group of order < £ 
divides d. For a prime q, we let pr^: G ^ GL„(Zq) denote the corresponding projection. The 
hrst congruence subgroup GL„(Zq,g) is a normal pro-g subgroup of GL„(Zq) of hnite index. 
This means that for any q p, the image prg(^) has trivial intersection with GL„(Zq,g), 
hence is hnite. Then our choice of d forces prg(^^'’*^) = to be abelian, implying 

that is trivial. This being true for all q ^ p, we obtain that jg 

contained in GL„(Zp), as asserted. 

(2): Let d be the integer from part (1). Since V is analytic, it follows from the Implicit 
Function Theorem that the map ^ ^ x i—> is open, and therefore ^G) jg open 

subgroup of (We note that as follows from the affirmative solution of the Restricted Burnside 
Problem by E.I. Zelmanov ca. ca. the subgroup ^G) jg open in for any finitely generated 
prohnite group and any integer d ^ 1, so the assumption of analyticity here can be replaced 
by just requiring hnite generation.) Then, due to assumption (O), the commutator subgroup 
is also open in V. On the other hand, part (1) asserts that [pG)^pG)] is contained 
in the kernel of the projection V GL„(Zq), which therefore is open in V. □ 


Remark 6.2. Gombining Lemma 16.11 with the results of |T^ (we thank M. Ershov for this 
reference), one shows that for an R-arithmetic subgroup F of an absolutely almost simple 
simply connected algebraic group G over a global held K of characteristic p > 0, the prohnite 
completion F is not adelic provided that that rk^G > 0 (i.e. F is inhnite) and S ¥= . Indeed, 

pick V e V^\S and let P = G((!J^,p„) be the congruence subgroup modulo the valuation ideal 
p„ of the valuation ring c Ky. We will view F as a pro-p subgroup of F, and let F be a 
Sylow pro-p subgroup of 7r“^(F), so that 7 r{P) = P. Assume that there exists an embedding 
f GL„(Z). The according to Lemma l6Tl for some d ^ 1, the subgroup Vo = 
is contained in GL„(Zp), hence is a p-adic analytic group. Then Pq := 'k{Vo) is also p-adic 
analytic. On the other hand, it follows from m Theorem 1.7] or from [56] that Fq is an open 
subgroup of F, and therefore cannot be analytic (see [T71 Theorem 1.5] or [TU Theorem 13.23]). 
A contradiction. 


To proceed with the proof of Theorem G, for a prime p we let V{p) denote the hnite set 
{v e V^\S I n(p) A 0}, and let fl be the hnite set of primes p for which V{p) n ^(G) A 0. To 
prove Theorem G, it is enough to show that 

Vi := U r(p) 

p^n 

is contained in 3 = 3(GG)(G)). Indeed, since the complement V^\{S u Vq) is hnite, by 
Theorem 14.31 the congruence kernel GG^^o)(G) is trivial. So, the inclusion Vq ^ 3 would enable 
us to derive the centrality of GG)(G) from Proposition 12.51 
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The rest of the argument focuses on proving the inclusion l/(p) c 3 for a fixed p ^ fl. By 
our assumption there exists a continuous embedding l: T ]3[gGL„(Zq). Then 

is an analytic pro-p normal subgroup of T. 

Lemma 6.3. 7 i{^) contains an open subgroup of Gv(p) = Y[veV{p) G{K^). 

Proof. Let Sp be a Sylow pro-p subgroup of T (cf., for example, [59l Ch. I, §1.5]). Then 7r(iSp) 
is a Sylow pro-p subgroup of T = G{Ov) {loc. cit., Prop. 4). Since for every v e L(p), the 
congruence subgroup G{Oy,pv) modulo the maximal ideal of Oy is a normal pro-p subgroup of 
G(Oy), the conjugacy theorem for Sylow pro-p subgroups of profinite groups {loc. cit., Prop. 3) 
implies that 

Y\ G{Oy,py) c 7r(5p), 
veV (p) 

and consequently 

(6-1) n [0(0.,P.)'"' , G(a,p„)<'''] C ^([sy , sf]) 

veV (p) 

for any d ^ 1. We will use this for the integer d given by Lemma [6. If lb Then is 

contained in GL„(Zp). So, the intersection n is of finite index in [iSp'^^ iSp'^^], and 

therefore n{t^) n 7r([iSp'^\ iSp'^^]) is of hnite index in 7r([iSp'^\ iSp*^^]). On the other hand, as in 
the proof of Lemma l^rTT l). the map G{Ky) G{Ky), x t—> x'^, is open, making G((P^,p^)G) an 
open subgroup of G{Ky). Furthermore, since G is an absolutely almost simple group, its Lie 
algebra (as an analytic group over Qp) is semi-simple, which by way of the Implicit Function 
Theorem implies that the commutator subgroup of any open subgroup of G{Ky) is again open 
(cf. [56]). Gombining these two facts, we see that the left-hand side of fl6.ip in open in Gy(^p). 
Then Ti{t^) is also open, as required. □ 

Since is an analytic pro-p group, it follows from Gartan’s theorem (cf. [S] ch. Ill, §8, n° 2], 
mi) and the preceding lemma that ‘W ■.= SP r\ n ^(Gv/(p)) is also an analytic pro-p normal 
subgroup of F having the property that 7r(^) c Gy(p) is open. The latter means that for the 
Qp-Lie algebras u and g of and Gy(p) respectively (as analytic pro-p groups), and for the 
differential of vr we have 

(6.2) d7r(u) = g. 

The rest of the proof relies on the analysis of conjugates g^g~^ for g e G. This analysis, 
however, is complicated by the fact that ^ may not satisfy condition (O) of Lemma [^m 2b To 
bypass this difficulty, we first replace with a smaller subgroup that satisfies this condition 
and retains other significant properties of ^. More precisely, let 

Uo = u, Ui+i = [Ui,Ui] for i^O 

be the derived series of u. Pick i ^ 0 so that u^+i = u^, set to = and let W c be a 
closed subgroup with the Lie algebra to. Since by construction [to, to] = to, the subgroup W 
satisfies (O). At the same time, it follows from fl6.2p and our construction that d7r(rD) = g, and 
therefore 7r(W) is open in Gv{p)- 

Lemma 6.4. For any g ^ G, the subgroups W and gWg~^ are commensurable. 
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Proof. First, note that both F and gTg ^ are open compact subgroups of G, hence are commen¬ 
surable. It follows that there exists an open subgroup W c W such that W ;= gW'g~^ c F. 
Since W, hence also W', satishes condition (O), Lemma I6.1f 2l tells us that after replacing 
W with a smaller open subgroup we may assume that t(W) is contained in GL„(Zp) and 
even in GL„(Zp,p), i.e. W c At the same time, since Gv{j)) is normal in (7, we see that 

7 r(>V) c Gv{p), and eventually W c ^ n 7r“^(Gv'(p)) = The Lie algebra to is isomorphic 
to to, and hence is its own commutator. It follows that to is contained in the £th term of the 
derived series = tn, and therefore tn = to. But since W and W are both closed subgroups 
of the analytic pro-p group ^, the fact that they have the same Lie algebras means that they 
share an open subgroup, hence are commensurable, and our assertion follows. □ 

For an arbitrary g e G, the corresponding inner automorphism Int g induces a continuous 
group homomorphism g~^yVg ^ W of analytic pro-p groups, which is then analytic. It follows 
from Lemma [6.41 that both groups have the same Lie algebra to, so we obtain an action of g on 
the latter. Furthermore, using the fact that for any gi,g 2 e G, all four subgroups W, gf^Wgi, 
gf^yVg 2 and (g'ig' 2 )~^TV(piP 2 ) are pairwise commensurable, it is easy to see that in fact we 
obtain a continuous representation p: G ^ GL(rD). 

Lemma 6.5. For G = the image p{G) is finite. 

Proof. Since G is compact, the image p{C) is a compact subgroup of GL(tn) = GLm(Qp) where 
m = dimQp tn. Since GLm(Qp) is a p-adic analytic group, we conclude that p{G) is hnitely 
generated (cf. [E]). Now, applying Proposition 12.91 to F = G/{C n Kerp), we see that p{C) is 
hnite. □ 

Let Cq := GCl Kerp is an open normal subgroup of C normalized by G. Then the conjugation 
action of Cq on W induces the trivial action on the Lie algebra to. This means that we can 
replace W with an open subgroup to ensure that Gq centralizes W (we note that after this 
replacement, the image W := 7r(>V) will still be open in Gv{p))- 

Lemma 6.6. There exists g e Gv(p) such that W and gWg~~^ generate Gv{p)- 

Proof. It is enough to show that given v e V{P) and an open subgroup W of G{Ky), there 
exists g e G{Ky) such that 

(6.3) G{Ky) = (W,gWg~^}. 

Note that G{Ky) has only hnitely open compact subgroup Wi,... ,Wr that contain W (cf. 
[30l Proposition 3.16]). Pick a regular semi-simple element t e W. It is well-known that the 
conjugacy class of t in G{Ky) is closed and non-compact. So, one can hud g e G{Ky) such that 

r 

gtg-^f[jW,. 

Then this g is as required. Indeed, in this case the right-hand side of fl6.3p is an open non¬ 
compact subgroup, and therefore by a theorem due to Tits (see [M]) contains G{Ky)^ the 
subgroup generated by the iP^j-points of the iP^-dehned parabolics of G. But since G is simply 
connected and v f A{G), we have G{Ky)^ = G{Ky) (see the discussion in the beginning of 1|7]), 
and fl6.3p follows. □ 

Now, let g e G{Ky) be as in Lemma EE pick a lift g e ' 7 i~^{g), and set Gi = Gq n gGog~^. 
Glearly, Gi is an open normal subgroup of G that is centralized by W and gWg~^. So, if we 
let Q = 7r~^{Gv(p)) and Z = Zg(Gi), then it follows from our construction that 7 r(Z) = Gv(p)- 
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Let Zx denote the kernel of the natnral action of Z on the hnite gronp CjCx- Since G'y(p) does 
not have proper normal snbgronps of hnite index, we will still have vr(^i) = Gv{p)- Then as 
in Lemma 12.61 for any c e C, the map x i—> [c, x] dehnes a continuons gronp homomorphism 
Xc: Zi Cl, and we can consider 

y: Zi —> C := Xc, where Xc = Ci for all c e C, 

ceC 

given by x(x) = (Xc(x)). It follows from Lemmathat for ?{ := Kery, we have vr('H) = Gv(p)- 
At the same time, by onr constrnction, "H c Zg(C), which implies that V(p) a 3, as reqnired. 
This completes the proof of Theorem C. 

7. Generators for the congruence kernel: Proof of Theorem D 

In this section we will assnme that char K = 0, and let G be an absolntely almost simple 
simply connected K-isotropic algebraic gronp. If a snbset S c containing I/^ is snch that 
rkg G ^ 2 then according to the resnlts of Raghnnathan [30], [S] that in particular prove 
Serre’s conjecture in the isotropic situation, the congruence kernel C^^\G) is central, hence is 
isomorphic to the metaplectic kernel M{S,G), which in all cases is a hnite cyclic group (often 
trivial). In the remaining case where rk 5 G = 1 (and therefore necessarily rk^ G = 1 and 
I S'! = 1, hence K is either Q or an imaginary quadratic held), according to Serre’s conjecture 
C^^\G) is expected to be inhnite, which has been established in a number of cases although 
we do not yet have a general result. The goal of this section is to provide several convenient 
systems of generators (or rather almost generators) for C^^\G) as a normal subgroup of G^^'^ 
and eventually reduce one of them to a single element, proving thereby Theorem D (we recall 
that according to Proposition 12.91 if C^^\G) is inhnite, it cannot be hnitely generated as 
a group). So, henceforth we will assume that rk^^ G = 1. 

First, we need to hx some notations that will be kept throughout this section. Let T be a 
maximal iL-split torus of G (so, dimT = 1), and M = Zc{T). The root system $ = ^{G,T) 
is either {+«} or {+q;,+2q;}. For /? e d), we let Up denote the corresponding unipotent K- 
subgroup of G (cf. O 21.9], [HI §5], [601 15.4]); recall that U+ 2 a c U+a if 2 q: e <F; if 2a ^ <F, 
then U+ 2 a will denote the trivial subgroup of Ua- The subgroups P±a = M ■ U+a (semi- 
direct product) are opposite minimal parabolic TL-subgroups with the unipotent radicals Ua 
and U-a respectively and the common Levi subgroup M = Pa P-a- Following Tits [HI], for 
a held extension F/K we let G(F)’^ denote the subgroup of G{F) generated by the F-rational 
points of the unipotent radicals of parabolic F-subgroups (since char AT = 0, it is simply the 
subgroup generated by all unipotent elements of G{F)). It is known [3 6.2(v)] that G(F) + 
is generated by Ua{F) and U-a{F). On the other hand, from the affirmative solution of the 
Kneser-Tits problem over local (see [29], [35], [301 §7-2]) and global (see [15]) helds, one knows 
that G(iL)+ = G{K) and G(Ar„)+ = G{K^) for any v e . Thus, Ua{K) and U-a{K) generate 
G{K) and Ua{K^) and U-a{K^) generate G{K^) for any v. 

We will now produce the hrst generating system for G = G^^\G) as a normal subgroup 
of G^^'^ by generalizing the construction used in Examples 4.6 and 4.7. Since char K = 0, 
the topologies Ta and Tc of G{K) induce the same topology on U+a{K) (cf. [IS] Prop. 2.1]). It 
follows that ttG) induces isomorphisms 

— U+a{K) = U+a{K{S)), 

and we let ct+q : U{K) —> U+a{K) denote the inverse isomorphisms. Consider the set 
X = |JX(ni,n 2 ), with X{vi,V 2 ) := [o-„(G„(A:^J) , o-_„(f7_„(A:^2))], 
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where the union is taken over all ^ 1,^2 e V^\S, Vi ¥= ^ 2 , and [A,-B] denotes the set of all 
commutators [a, 6] with a e A, b e B. The fact that the groups G{K^^) and G{K^^) for such 

ni,n 2 commute elementwise inside G = G{K{S)) immediately implies that X{vi,V 2 ) c C, 
hence X ^ C. Now, let D be the closed normal subgroup of generated by X and consider 
the corresponding extension ([F]) of §2. For v e V^\S, we let denote the image in H = G^^^D 
of the subgroup ^ G^^'^ generated by Ua{Ua{K^)) and a-a{U-a{K^)). As we mentioned 
above, G{K^) = (Ua{Ky),U_a{Ky)}, which implies that 9{H^) = G{K^). Furthermore, by 
our construction the subgroups and Hy^ commute elementwise in H. Finally, the closed 
subgroup of G^^'^ generated by the ^^’s for v e V^\S will contain Ua{K) and U_a{K), hence 
G{K) = (Ua{K),U_a{K)), hence coincides with G^^\ Now, applying Proposition 14.51 to the 
partition of V^\S into singletons and the subgroups Hy constructed above, we obtain that ([F]) 
is a central extension. Thus, F = G/D is a quotient of the metaplectic kernel M{S,G), hence 
it is a finite cyclic group of order dividing the order \^k\ of the group of roots of unity in 
K (cf. [36]b 

Next, we will show that by using the result of Raghunathan |TT], that this system can be 
substantially reduced. 

Proposition 7.1. Fix vq e V^\S, and set 

yivo)= y X{vo,v). 

veV^\(S'^{vq}) 

Then R(no) c G, and if D is the closed normal subgroup of G^^'^ generated by Y{vo), then C/D 
is a guotient of M{S, G), hence it is a finite cyclic group of order dividing \hk\- 

Proof. The discussion above yields the inclusion Y (uq) c C and also shows that it is enough 
to prove that the corresponding sequence ([F]) is a central extension. Since there exists u e G{K) 
such that a;[/+Q,a;“^ = U^a{ci. [3 21.2], [3 5.3]), the group B contains [(j_a(17(Ar„p)), (Jq,([/(A'^))] 
for any v e V^\{S u {uo})- We will now use Proposition 12.81 to establish the centrality. Write 
V^\S = W u V 2 where Vi = {uq} and V 2 = V^\{S u {uq}) (obviously, A. = 0 in our situation); 
then V/ = Vs-i. The congruence kernel is trivial by Theorem 14.31 

and the congruence kernel G^^'~'^'^\G) = is central by [TT], hence is isomorphic to 

M(S' u {uo}, G), which is trivial [36], and thus is trivial as well. Let Hi be the closed subgroup 
of H generated by the images of (Ta{Ua{Ky^)) and c7_a([/_a(A'„(,)), and let H 2 be the closed 
subgroup generated by the images of craiUa{Ky)) and a-a{U-a{Ky)) for v e V^\{S u {uq}) 
(or, equivalently, by the images of aa{Ua{^{S u {uq}))) and cr_Q,([/_Q,(A(5' u {"I’d}))))- Then 
9{Hi) = G(A(5'u V)')) for z = 1, 2, and moreover. Hi and H 2 commute elementwise and together 
generate a dense subgroup of H. In other words. Hi and H 2 satisfy the assumptions of Proposi¬ 
tion 12.81 and then the required centrality of ([F|) immediately follows from this proposition. □ 

We will first establish Theorem D for G = SL 2 where the (almost) generating element c can 
be written down explicitly. The argument here is inspired by the proof of Proposition 17.11 but 
relies only on the result of Example 4.7 (which is originally due to Serre [5B]) rather than on 
the general result of Raghunathan [TT]. We will keep the notations introduced in Example 4.7. 
Fix vq e V^\S, write A{S) = Ky^ x A(S' u {uq}) and consider the elements 

lyo^Ky^ and 1],^ = (1,..., 1,...) e A(F u {uq}). 

Proposition 7.2. Set c{vo) = [S+(1„q) ,n“(l(,|^)] e G, and let D be the closed normal subgroup 
of G generated by c{vq). Then the guotient G/D is central in G/D, hence it is a finite cyclic 
group of order dividing IpkI- 
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Proof. First, we observe that the set 

A = e Ky^ X A{S u {fo}) | t e K^} 

is dense in A(S'). Indeed, any open set in A(S') contains an open set of the form x Uy^ for 
some open sets Uy^ c and Uy^ c A{S u {no}), and then onr claim immediately follows from 
the density of K in A(S') (strong approximation with respect to S). Since 

h{t)-^c{vo)hit) = 

we obtain that D contains the set 

{[u^{a),u~{b)] \aeKy^, b e A{S ^ {vo}f} . 

In particnlar, for any v e V^\{S u {no}), all commntators 

[n’‘’(a),M“( 6 )] with a e Ky^, b e Ky 

lie in D. Since for any w e every element of Kyj can be written as a snm of (at most fonr) 
sqnares, the identities 

[xy,z] = {x[y,z]x~^)[x,z] and [x,yz] = [x,y]{y[x, z]y~^) 

imply that D in fact contains the set X(no,n). Then D contains l^(no), and onr claim follows 
from Proposition 17.11 □ 

Remark 7.3. As we already observed, if the gronp G is AT-isotropic then rks'G = 1 is possible 
only if iP = Q or iP = Q(\/— d), d sqnare-free > 0, with S consisting of the nniqne archimedean 
place in both cases. If 77 = Q then M{S, G) for any G is of order ^ 2 , and in fact M{S, G) 
is trivial for G = SL 2 . The latter means that the congrnence kernel for SL 2 (Z) is generated as 
a normal snbgronp of G by the element c{p) constrncted above for any prime p. On the other 
hand, for K = Q(V--^), the order of M{S, G), hence also that of G/D, divides 2 (resp., 4 and 
6) if d 7 ^ 1, 3 (resp., d = 1 and d = 3). 

It is worth mentioning that the constrnction of generators described in Proposition 17.21 has 
some other applications. Let Go = SL 2 over Q, and let So = so that Pq = G((Pq(S'o)) is 
SL 2 (Z). Fnrthermore, £x a sqnare-free integer d > 0, let Gd = SL 2 over Kj, := Q{V—d) and 
Sd = so that Td = G{OKi{Sd)) is the Bianchi gronp SL 2 (C>d) where Od is the ring of integers 
in Kd- Let Co = C^^°\Go) and Gd = G^^’^\Gd) be the corresponding congrnence kernels. 
Then the natnral embedding Fq ^ F^i indnces a continnons homomorphism id- Go Gd- It 
follows from the resnlts of [T] that id is injective for all d. (Indeed, by [H Theorem 8.1], the 
homomorphism of the prohnite completions PSL 2 (Zi) ^ PSL 2 ((Pd) is injective, which implies 
that the homomorphism Fq ^ F^ is injective, and the injectivity of id follows. On the other 
hand, the resnlts of Serre |58] imply that for d 7 ^ 1,3, the homomorphism id is not snrjective. 
Moreover, we have the following. 

Lemma 7.4. Let Ed be the closed normal subgroup of Td generated by id{Go) ■ Then for d 7 ^ 1,3, 
the guotient Gd/Ed is infinite. 

Proof. Since the image of Ed in Gd ■= Gdf{Gd n [Fd,Frf]) is the same as that of Co, it is 
enongh to show that the latter has inhnite index. It is well-known that the abelianization 
Fgb = Fo/[Fo,Fo] is finite (of order 12 ), so Co n [Fo,Fo] has hnite index in Co, making the 
image of Co in Gd hnite. On the other hand, according to the resnlts in [5Sl §3.6], for d ^ 1,3, 
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the abelianization is infinit^. Then from the exact sequence 

Q T,/[f^,] - rjjTwQ 

and the finiteness of the last term in it (see [iQ]), we conclude that Cd is infinite, and our 
assertion follows. □ 

Nevertheless, we have the following in all cases. 

Proposition 7.5. Let Ld be the closed normal subgroup of Gd generated by td(C'o). Then Cd/Ld 
is a finite cyclic group of order dividing (so, its order is ^ 2 if d ¥= 1,3, divides 4, if d = 1, 
and 6 if d = 3.) 

Proof. Pick a prime po that does not split in Kd, and let vq the unique valuation of Kd extending 
the po"cidic valuation of Q. Consider the elements from Proposition 17.21 written for these 
valuations: 

c(po) = [S+(lpo), w“(lpo)] ^ ^(^o) c(no) = e C'(Grf). 

It is easy to see that these elements are related by 6d(c(po)) = c{vq). So, Ld contains the 
subgroup D from the statement of Proposition 17.21 and our claim follows from that proposition 
(cf. also Remark 17^ . □ 

The proof of Theorem D in the general case will be reduced to the SL 2 -case by constructing 
a suitable iF-homomorphism SL 2 ^ G with the help of Jacobson-Morozov Lemma and then 
applying Proposition 17.21 in conjunction with the following statement. 

Proposition 7.6. Let G be an absolutely simple simply connected algebraic K-group of K-rank 
one, let If \ H ^ G be a K-homomorphism of an absolutely simple simply connected K-group H 
to G, and let (p: G^^'^ be the corresponding continuous homomorphism of S-arithmetic 

completions. Assume that f{H) n (t/^\t/ 2 / 3 ) A 0 for (3 = a and —a. Let Gq be a subgroup 
of normalized by and such that acts on C^^'>{G)/Co trivially. Then for 

the closed normal subgroup D of G^^^ generated by f{Go), the group G^^'> acts on C^^\G)/D 
trivially. Consequently, C^^\G)/D is a quotient of the metaplectic kernel M{S,G), hence it is 
a finite cyclic group of order dividing IhkI- 

The proof requires one technical fact (Proposition 17.71 below) which we will prove in the 
Appendix. To state it, we observe that the centralizer M = Zg {Ts) of a maximal iF-split torus 
Tg of G acts on each root subgroup Uy for fi e ^(G, Tg) via the adjoint action, and consequently 
acts on the quotient W+a ■= U+a/Lf+ 2 a- Furthermore, it is known W+a is a vector group over 
K, and the above action gives rise to a iF-linear representation p+a'. M —> GL(W+a) - cf. [5l 
§21]. We also recall that since G has iF-rank 1, its Tits index can have only one or two circled 
vertices (cf. |SS]). 

Proposition 7.7. Let (W, p) denote either {Wa, Pa) or {W^a, P-a), ond assume that chai K ^ 
2. Then p is K-irreducible. More precisely, one of the following two possibilities holds: 

(z) the Tits index of G has only one circled node and then p is absolutely irreducible; 

(ii) the Tits index of G has two circled nodes; then W = Wi © W 2 where Wi and W 2 
are absolutely irreducible M-invariant subspaces defined over a quadratic extension 
LjK and W 2 = IVf for the nontrivial automorphism a of L/K. 

^We note that for d = 1,3, the abelianization is finite as one can see from the explicit presentations 
found in m and [S5]. 








CONGRUENCE KERNEL 


25 


Proof of Proposition |y. We only need to prove that the extension 

(7.1) 1 ^ F := C^^\G)/D -^G := G^^^D G^^^ 1 

is central, for which we will use our standard strategy. More precisely, we let IJa and U-a denote 
the closures in G of Ua{K) and U-a{K), respectively. Since the S'-arithmetic and S'-congruence 
topologies on U+a{K) coincide, 9 induces isomorphisms 

^ Ujjq ^ t/a(A(5)) and ^ ^ f/_„(A(F)), 

and we let a+a'. f/+Q,(A(5')) ^ U+a denote the inverse (continuous) isomorphisms. For v e 
V^\S, we let Qv denote the subgroup of G generated by (TaiU^^K^)) and a_a{U_a{K)). Re¬ 
peating almost verbatim the argument used at the beginning of this section, we see that the 
subgroups Qy satisfy all the assumptions of Theorem B, which then yields the centrality of 
fl7.ip provided we show that (JaiUa^K^f)) and (T-a{U-a{K^^)) commute elementwise for any 
z;i,n 2 e V^\S, Vi V 2 - So, the central part of the present argument is concerned with proving 
this fact. We will establish it in the following equivalent form. Dehne 

Cvi,V2- UaiKi) X -» F, (til, M 2 ) [o-a(tii),a_„(ti2)]- 

Clearly, Cv^^v2 is continuous, and what we need to prove is 

(*) Gi,V2 — 1 - 

By our assumption, the extension 

1 ^ Fo := G^^\H)/Go —^ F := H^^^Gq ^ ^ 1 

is central. Since H is clearly F-isotropic, the congruence completion H can, as usual, be 
identihed with H{A{S)). Then for any ^ 1,^2 ^ V^\S, vi A M 2 , by Corollary 12.71 we can dehne 
a bimultiplicative pairing 

X H{K^^) —> Fo, (a;i,X 2 ) [xi,X 2 ] for x* e 6'o'^(xj). 

As we already mentioned, the group does not contain any proper noncentral normal 

subgroups, hence H{Ky.) = [F(F„J, F(F^J]. Since Fq is commutative, it follows that the 
pairing is trivial, and therefore the pre-images 6*(f^(F(F„J) and 9Q^{H{Ky^)) commute 
elementwise. 

There exists unipotent F-subgroups '^+ and of H such that (p('^+) is contained in U+a 
but not not in U+ 2 a- Then for any mi e ‘^+[Ky^), U 2 e ‘^-{Ky^) we have 

CvuV2{p{ui),p{u2)) = ^{cl^^y^{ui,U2)) = 1 , 

where ip: H ^ G is induced by (p. Furthermore, the group M{K) naturally acts on F by 
conjugation, and for any m e M{K) and any mi, U 2 as above we have 

(7.2) Cy^^y^{mp{ui)m~^ ,mp{u2)m^^) = mCy^^y^{p{ui),p{u2))rrr^ = 1. 

We now note the following. 

Lemma 7.8. (Weak approximation for M) For any finite subset V of , the diagonal em¬ 
bedding M{K) ^ My := M(F^) has dense image. 

Proof. By the Bruhat decomposition, the product map p: U-a y. M x Ua ^ G yields a F- 
isomorphism onto a Zariski-open set ff c G. Being simply connected, G has weak approxima¬ 
tion with respect to any hnite set of places, i.e. the diagonal embedding G(F) Gy is dense 
(cf. [301 Theorem 7.8]). Since is F-open, the diagonal embedding Q{K) ^ ffy is also dense, 
and our assertion follows. □ 
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Using this in conjunction with fl7.2p and the continuity of 'w® obtain that 

= {1} where Xi{ui) = {miip{ui)m~^ \ rrii e 

Then also 

(7.3) c,„,2«XiK)>,<X2(r2)» = {1}, 

where (Xi{ui)} is the subgroup generated by Xi{ui). Now, it follows from our assumptions 
and the Zariski-density of ^+{K) in that one can pick ui e '^+(77) and U 2 e so 

that <p(Mi) ^ U 2 a{K) and (p(ti 2 ) ^ U- 2 a{K). So, if we let V+a'. U+a U±a/U+ 2 a =■ W+a 
denote the quotient map, then wi = Pa(7’('f^i)) and W 2 = p_o((p(tt 2 )) are nontrivial elements 
in Wa{K) and lU_a(K). Taking into account the Zariski-density of M{K) in M (cf. O 18.3]) 
and applying Proposition 17.71 we see that for any held extension P/K, the P-vector space 
Wa{P) (resp., W_a{P)) is spanned by pa{M{P)) ■ wi (resp., p_Q,(M(P)) • W 2 ). On the other 
hand, since a{Ts{P)) contains P^'^ for some d ^ 1 and P is generated by P^’^ as an additive 
group, the additive subgroup of 1 Tq(P) (resp., tU_Q,(P)) generated by pa{M{P)) ■ wi (resp., 
p_ct(M(P)) • W 2 ) is automatically a P-vector subspace. Altogether, this means that 

(7.4) z.««Ai(ui)» = Wa{K,,) and P-„«X 2 (u 2 )» = 

Clearly, U+ 2 a is contained in the center of U+a, and since P+ 2 o(P) coincides with the commu¬ 
tator subgroup of U+a{P) for any held extension P/K (cf. [9l 5.3] - note that this fact is true 
over any inhnite held of characteristic A 2), we obtain from fl7.4p by passing to commutator 
subgroups that (Xi(mi)) (resp., (X 2 (u 2 ))) contains U 2 a{,K„^) (resp., U_ 2 a{K^^)). Then fl7.4p 
yields 

Xi(ui) = P„(P.J and X 2 {U 2 ) = U.aiK,^)- 

Combining this with fl7.3p . we obtain (★), as required. □ 

Remark 7.9. (1) Proposition 17.61 for C = Co is essentially due to Rajan and Venkataramana 
[45] and in fact goes back to Raghunathan’s argument in [H] §3]. We note, however, that the 
discussion of the irreducibility of the action of M on W+a (which is our Proposition 17.7p is 
limited in [15| to the groups SO(n, 1) and SU(n, 1) which are the main focus of that paper - 
see the paragraph before last on p. 548. It should also be pointed out that the assertion in the 
proof of Theorem 7 in [45] that part [ii) of that theorem is a restatement of m Proposition 
2.14] is not totally accurate as Proposition 2.14 of [4T] involves one extra condition - see (Hi) in 
its statement. Nevertheless, according to our Theorem B, the result described in |45l Theorem 
7(ii)] is indeed valid, and not only for isotropic groups. In view of these technicalities, we chose 
- for the reader’s convenience - to give a complete proof of Proposition 17.61 

(2) It was pointed out in [44] and [45] that the assertion of Proposition 17.61 has the following 
implication: 

Given a congruence subgroup P of G{0{S)) and a nontrivial group homomorphism (p: T ^ X, 
there exists a congruence subgroup A of H{0{S)) and an element g e G{K) such that A' = 
gAg~^ is contained in P and the restriction 0|A' is nontrivial. 

This is subsumed, however, in the “Sandwich Lemma” of Lubotzky [23l Lemma 2.4], which 
states that the above result is valid without any assumptions on the congruence kernels if 
H{0{S)) satishes the so-called Selberg property. We refer to [23] for precise dehnitions, and 
only mention that the Selberg property is in fact property (r) for congruence subgroups. More 
importantly, the Selberg property is now known to hold in all situations (see [10], which con¬ 
cluded the efforts by various people), making the result of Lubotzky unconditional. 

At the same time, proving Selberg’s property even for SL 2 requires the heavy machinery of the 
theory of automorphic forms, so the approach developed in [44] and [45] provides an algebraic 
alternative in some cases. (From this perspective, our Proposition 17.51 yields an algebraic proof 
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of the following fact: Given a congruence subgroup T of the Bianchi group 812 ( 0^)7 where Od 
is the ring of integers in Kd = Q{V—d) with d a square-free integer > 0 , and a nontrivial 
homomorphism 0: F —> Z, there exists a congruence subgroup A o/SL 2 (Z) and g e SL 2 {Kd) 
such that A' = gAg~^ is contained in F and the restriction (j)\A' is nontrivial (this should be 
compared to the results in [5H1 3.6])). 

(3) One can ask whether it is possible to strengthen Proposition 17.61 and prove that for an 
absolutely almost simple simply connected iF-group G and a proper iF-subgroup H, the map 
of the congruence kernels is actually surjective. This property can 

be helpful for proving the centrality of G^^\G) in view of the following simple observation 
(cf. Proposition 2 in [39l 5.2]): Assume that G{K) does not contain any proper noncentral 
normal subgroups. If there exists a K-subgroup H ofG which is fixed elementwise by a nontrivial 
K - automorphism a of G such that is surjective, then G^^\G) is central, hence finite. This 
observation (which can be traced back to [3] - see [39l 5.3] on how it can be used to establish the 
centrality of the congruence kernel for SL„, n ^ 3) was employed by Kneser [20] to prove that if 
G = Spin^(g) is the spinor group of a nondegenerate quadratic form q over iF in n ^ 5 variables 
and rkg G ^ 2, then G^^\G) is central. To this end, he proved that for any anisotropic x e iF” 
with the stabilizer G{x) satisfying rks G{x) ^ 1, the map C^^\G{x)) G^^\G) is surjective 

(see Proposition 3 in |39l 5.2] for an indication of the idea). Subsequently, analogues of these 
statements were established for groups of the classical types and type G 2 in BSl. m, BSl. 
|67j . | 68 j . To give an example where is not surjective, we consider an imaginary quadratic 
extension T/Q and let h be the corresponding 2-dimensional hyperbolic hermitian form. Set 
f = h A g, where 5 ^ is a 1 -dimensional hermitian form, and consider the natural embedding of 
(absolutely almost simple, simply connected) Q-groups 

H := SU 2 (/i) - SU 3 (/) =: G. 

We claim that for S = { 00 }, the map Lq jj- is not surjective. Indeed, it follows from the results 
of Kazhdan [T8| and Wallach CD] that there exists a congruence subgroup F of G(Z) with 
inhnite abelianization F’^'’, which immediately implies that the congruence kernel G^^l{G) is 
inhnite (cf. [5H1 §3]). Since H is fixed by the nontrivial automorphism a = Int x of G, where 
X = diag(l, 1 , — 1 ) e U 3 (/), this fact together with the above observation prevents from 
being surjective. 

While Lq may or may not be surjective, the available results (including those obtained in 
jH] for the embeddings SO(2m — 1,1)^ SU(2m — 1,1) and SO(2m — 1,1)^ SO(2m + 1,1) in 
the anisotropic case and G = Go) suggest that the assertion of Proposition 17.61 should always be 
true whenever G and H are absolutely almost simple simply connected iF-groups and rksH > 0. 
If proven, this would simplify the verihcation of centrality in a number of cases. 

Proof of Theorem D. Recall that here chariF = 0. It follows from Propositions l7.2l and l7.6l that 
it is enough to construct a iF-homomorphism ip: H = SL 2 ^ G such that (p{H) n (F/ 3 \G 2 / 3 ) A 0 
for j3 = a and —a. For this we consider the Lie algebra 0 = L{G) of G, and pick a no n zero 
eigenvector X e 0 ( 7 F) for the adjoint action of the maximal TF-split torus with character a. 
Applying the Jacobson-Morozov Lemma (cf. [16], Ch. Ill, Thm. 17), we can find a iF-subalgebra 
r c 0 that contains X and is isomorphic to s^. There exists an algebraic iF-subgroup R of 
G with the Lie algebra r (cf. [5], Cor. 7.9), which is iF-isogenous to SL 2 . Let be a 1- 
dimensional unipotent iF-subgroup of R whose Lie algebra L{U) is spanned by X, and let tX 
be a 1-dimensional iF-split torus that normalizes Then tX and and Tg are conjugate by 
an element of Ng{^)°{K) (cf. [H]), and after performing this conjugation we can assume that 
IX = Tg. Since r also contains an eigenvector for Ad IX with character —a, we obtain that 
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R n ¥= 0 ioT (3 = +a, so a K-isogeny ip: H = SL 2 ^ i? is a required homomorphism. 

□ 

To conclude, we will briefly indicate how Theorem D can be partially extended to positive 
characteristic p > 2. The main distinction is that if p > 0 and rk 5 G = 1 then the arithmetic 
and congruence topologies of G may not coincide on U+a{K). So, to use our approach we need 

to pass to the reduced congruence kernel (G) = G^^\G)/N where N is the closed normal 
subgroup of generated by the kernels of the restrictions Ti^^'^\U+a{K). Then Propositions 
17.21 and 17.61 remain valid if one replaces the full congruence kernel with the reduced one in their 
statements. Furthermore, by going through the list of absolutely almost simple groups defined 
over a global held K of characteristic p > 2 and having K-rank one, one verifies that there 
is a 7f-homomorphism p: H = SL 2 ^ G such that p(i7) n {Up\U 2 p) 7 ^ 0 for /3 = +a(this 
fact being false in characteristic two). This puts all the ingredients of the proof of Theorem 
D in place, and taking into account the computation of M{S,G) in positive characteristic (cf. 

[5B]b we arrive at the following conclusion: G (G) is generated as a closed normal subgroup 
ofG^^yN by a single element. 
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Appendix: Proof of Proposition 17.71 

We will give the argument for (WA, pa)- Let T be a maximal A-torus of G containing T*, and 
let <f> = <f>(G, T) be the corresponding (absolute) root system. We hx compatible orderings on 
A(r)(x) 2 M and T{Ts)®jM so that a is positive. Let (resp., A) be the corresponding system 
of positive (resp., simple) roots in $. Furthermore, we let Aq denote the subset of A consisting 
of roots with trivial restriction to Tg (and then A\Ao is the set of distinguished roots). Since 
ikx G* = 1 , it follows from the tables in |65] that | A\Ao 2 ; note that any 5 e A\Ao is taken 
to a by the restriction map X{T) X(Ts). 

For e <F, we let (resp., 0 ^) denote the 1-dimensional connected unipotent subgroup 
of G (resp., the 1-dimensional subspace of the Lie algebra g = L{G)) corresponding to (3 
(thus, g^ = Furthermore, we let ns{l3) (h e A) denote the integers that arise in the 

decomposition /3 = 

e-{/?£<*+ I 2 ns(P) = l}. 

(5sA—Ao 

Clearly, 0 is precisely the set of roots /9 e <F that restrict to a. It follows that u = Yjpee 0/3 
the eigenspace for Tg for the character a, hence is invariant under Ad M, where M = Zg{Ts). 
It is well-known that the vector spaces Wa = and u are isomorphic as M-modules. We 

also recall that for /5 ,7 e $, we have 

(A.l) (Adg)(0,)^X; g/ 3 +n 7 for any g e 

n '^1 

where as usual we set g^ = 0 if 5 e X{T) is not a root. Furthermore, since we exclude 
characteristic 2 and also type G 2 (which does not have A-forms with A-rank 1), we have 

(A.2) for any /?i,/ 32 e<h. 

Lemma A.l. Fix 60 e A\Ao, and set 0(ho) = {/3 e 0 | nsf^{(3) = 1}. Then 

ii(<^o) := Yj 0/5 
/3e0(<5o) 

is an irreducible M-module. 

Proof. The group M is generated by T and for those 7 e $ that restrict trivially to Tg. 
Since any such 7 is a linear combination of elements of Aq, the inclusion flA.lD shows that u(ho) 
is Ad M-invariant. Let 0 c u(ho) be a nonzero M-invariant subspace. As M contains T, we 
have D = g^ for some nonempty subset 0 ' c 0((5o) and [m, d] c d, where m = L(M). 

For f3i, (32 ^ *L, we will write (3i > (32 if (3i — /92 is a sum of positive roots. We claim that if 
( 3 i ,(32 e 0 (ho) and (3i > ( 32 , then 

(A.3) 0 / 3 i c t) ^ c 0 

Indeed, according to [H Ch. VI, §1, n° 6, Prop. 19], there exists a sequence of positive roots 
7 i,..., 7 r e $5- such that (3i = /52 + 7i + ■ ■ ■ + 7r and /32 + 7 i + • • • + 7 / is a root for z = 1,..., r. 
Since ns{(3i) = ns{(32) for any h e A\Ao, we have n^ipfi) = 0, hence g+.y. c m, for all i. So, if 
g^j (X 0, then using repeatedly [m, d] c 0 together with flA.2p . we obtain 

0/32 = [0-71 ’ [0-72> [• • • [0-7.>0/3 i ] • • •] ^ 

and vice versa, proving flA.3D . Note that for any (3 e 0(5o) we have (3 > 60 , so using flA.3D . 
we see that if g^^ c 0 for some (3 q e 0 ( 5 o )5 then g^^ c o, and consequently g^ c d for every 
(3 e 0(5o)- Thus, D = u, as claimed. □ 
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If A\Ao = {^o} then the above lemma, together with the remarks made prior to its statement, 
immediately yields the irreducibility of Wa- Now, suppose that A\Ao = For i = 1,2, 

set 

Ui = 2 0/3, 

/3e0(Si) 

where 0(6i) is the subset of 0 dehned in Lemma A.l for and let Wi be the subspace of 

W corresponding to u*. Then clearly W = W\ (0 W 2 , and according to Lemma A.l, each Wi is 
an (absolutely) irreducible M-module. Let Tq = Z{M)° be the central torus of the (reductive) 
group M. Then the restrictions 7 * = Si\TQ for i = 1,2 form a basis of A(To) <Z>z Q, and Wi is 
the eigenspace of Tq with the character 7 /. It follows that the M-submodule of W containing 
w = {wi,W 2 ) with Wi e Wi, contains Wi and W 2 , hence coincides with W if both wi and W 2 are 
nonzero. 

Since Tq is 2-dimensional and contains the 1-dimensional (maximal) split torus Tg, it splits 
over a quadratic extension L/K, and then both subspaces Wi and W 2 are dehned over L. The 
nontrivial a e Gal(L/A') can either switch the weights 71,72 of Tq, or keep each of them hxed. 
However, in the second option Tq would be K-split, which is not the case. Thus, 17(71) = 72, 
and therefore cr(ITi) = HA- It follows that if a nonzero w e W{K) is written in the form 
w = {wi,W 2 ) as above then both wi and W 2 are automatically nonzero, so w generates W as 
M-module, implying that W is iL-irreducible. □ 
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